A quasilinear problem with fast growing gradient* 
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CN ■ Abstract 



In this paper we consider the following Dirichlet problem for the p-Laplacian in the 
positive parameters A and j3: 



< 

" J —A p u = Xh(x, u) + f3f(x, u, Vit) in 

1 u = on dQ. 



where h, f are continuous nonlinearities satisfying < oj\(x)u q ~ l < h(x,u) < LU2(x)u q ~ 1 
with 1 < q < p and < f(x, u, v) < u^{x)u a \v\ h , with a, b > 0, and Q is a bounded domain 
of , N > 3. The functions 1 < i < 3, are nonnegative, continuous weights in fi. We 
prove that there exists a region in the A/3-plane where the Dirichlet problem has at least 
one positive solution. The novelty in this paper is that our result is valid for nonlinearities 



CO \ with growth higher than p in the gradient variable. 

00 

; keywords: £>-Laplacian, positive solution, nonlinearity depending on the gradient, sub- and 
super-solution method. 



1 Introduction 

Dependence on the gradient in problems involving quasilinear operators as the p-Laplacian have 
been challenging researchers of elliptic PDE's in questions of existence and uniqueness. The 
approach used to handle this problems varies, ranging from change of variables in order to 
eliminate the dependence on the gradient to a combination of topological and blow-up arguments 
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|H El El [TT]. In a nutshell, no general method to deal with this kind of problem has been 
established. 

In this paper we intend to show how simple techniques (sub- and super-solution method 
combined with a global estimate on the gradient) are able to solve some quasilinear problems 
involving nonlinearities with fast growing gradient, that is, nonlinearities where the exponent of 
| Viz | is greater than p. This type of problem is rare in the literature. The method we choose 
allows us to make simple hypotheses, also in contrast with papers in the area. 

We consider the following Dirichlet problem in the positive parameters A and /3 : 

J — A p u = Xh(x,u) + (3f(x,u,Vu) in f2 
1 u — on dVt. 

Our hypotheses on / (see below) include nonlinearities that depend on the gradient with an 
exponent higher than p and thus the application of variational methods (even in combination 
with topological techniques, see [7J) can not handle directly this kind of problem. Known versions 
of the sub- and super-solution method developed for equations depending on the gradient (see 
[31 [6]) require nonlinearities with the gradient term growing at most as |Vw| p . 

Here, inspired by the classical paper of Ambrosetti, Brezis and Cerami [2] we define a fixed 
point operator for each (A, (3) in a region T> of the A/3-plane and use global C 1,a estimates on the 
solution of the Poisson equation— A p u = g with Dirichlet boundary conditions on Q to obtain an 
invariant subset by this operator. Hence, by applying Schauder's fixed point theorem we prove 
the existence of at least one positive solution for the Dirichlet problem above if (A, 0) G T>. 



2 Existence of a positive solution 

In this section we consider the existence of positive solutions for the following problem in two 
positive parameters in the bounded, smooth domain Q C M. N : 

{—ApU = \h(x,u) + (3f(x,u,Vu) in Q , , 

u = ondtt, W 

where A p u := div(|Vw| p_2 Vu) is the p-Laplacian operator, p > 1, and h, f are continuous 
nonlinearities satisfying 

(HI) < ui(x)u q - 1 < h(x,u) < u 2 {x)u q ~ l , 1 < q < p; 
(H2) < f(x, u, v) < u 3 {x)u a \v\ b , a, b > 0, 

and uji \ Q — > [0, oo), 1 < i < 3, are nonnegative continuous functions (with ^ 0) that we call 
weights. 

We begin establishing a version of a result on the regularity of solutions of the p-Laplacian, 
which was proved by Tolksdorf [13] and Liebermann [12] . The proof is given, since the result is 
not explicitly stated in those papers. 
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Lemma 1 Let Q be a bounded, smooth domain ofM> N and g G L°°(Q). Assume that u G W ' p (tt) 
is a weak solution of 

-A p u = g in tt, 

u = on d£l. ^ ' 

Then there exists a positive constant /C, depending only on p, N and Q, such that 

l|v w |L<mM|j^. (3) 



Proof. Let us firstly assume that WgW^ = 1. By applying a simple comparison principle, one 
can easily verify that \u\ < <p where G Wq' p (Q) n L°°(Q) is the p-torsion function of Q, that is, 
— A p = 1 in f2. Therefore, 

NL<£HHL- (4) 

It follows from global regularity results by Lieberman (see [12J) that there exist constants 
a G (0, 1) and /C > such that u G C l,a {Vt) and ||w|| lQ < JC and, moreover, a and K depend 
only on p, N and Q. (In principle, these constansts could also depend on the bound L for Wu]^ , 
but as we easily see, the bound in (j3J) is uniform with respect to u whenever WgW^ = 1). 

Since HVwH^ < ||w|| lQ , we obtain ([3]) in the case WgW^ = 1. If < WgW^ ^ 1 we apply the 

u 

previous argument to the function v := j— since this function satisfies 

ML)** 

-A p v = g/WgWn in Q, ( 
v = on dQ. y ' 



Thus, we obtain 



Moo)*- 1 



Therefore, we have proved ^ for any ^ g G L°°(Q) where the positive constant K depends 
only on p, N and Q. Obviously, ([3]) remains valid for the same constant /C if g = 0. □ 

To solve problem ([Tj) we define 

r:=a + 6+l, a;(rr) := max uAx) 

»6{1,2,3} 

and denote by Ai and u\ the first eigenpair of the p-Laplacian with weight ui, that is, 

-ApUi = XiUiu 1 ^ 1 in Q, 
U\ = on dfl, 

with u\ positive satisfying H^iH^ = 1. 

Let also G W^ p (n) n C 1 ' ^) be the solution of the problem 

-A p = u in f2 
= on <9i7 



and define 



7 - 



/CIMI^ 1 



where K satisfies ([3]). We stress that 7 depends only on u>, p, N and Q. 
Lemma 2 There exists a region T> in the \/3 -plane such that, if (A, 0) e T> then 

AM 9 " 1 + /3 7 6 M a+b < (M/ II^HJ^ 1 , 

for some positive constant M. 

Proof. The inequality (jHj) can be written as 

$(M) := AAM 9 - p + (3BM r ~ p < 1, 

where the coefficients 

A=||0ir 1 and B := K b U\\ p - 1 - b Mi 1 



(6) 



(7) 



(8) 

clearly depend only on co, p and fl. 

In order to determine an adequate value for M, we consider the possibilities for the sign of 
r — p. 

Case 1: r — p > 0. In this case we have 

lim $(£) = lim $(t) = +00 

implying that $ has a minimum value. Since the only critical point M of $ is given by 

' XA(p - q) 



M 



(3B(r-p) 



(9) 



we obtain 



BB(r — v)M r - p 
p-q 



r — q 
p-q 



< $(t) for all t > 0. 



Now we need to find sufficient conditions on A and /3 in order to obtain $(M) < 1 or, 
equivalently, 



0B 



XA{p - q) 



J3B(r-p) 

After rewriting this last inequality we arrive at 



r—q If — g 

p-q 



< 1. 



\r-ppp~g < 



r — p 
A 



r—p 



p-q 

B 



p-q 



(r — q) r ' 



K. 



(10) 



Thus, if the positive parameters A and j3 satisfy (fTUj) . we conclude that u := [Mj 11011^)0 is 
a super-solution for ( 1T5|) . where M is given by OH])- 

Case 2: r — p = 0. In this case $(£) := \At q ~ p + /3.B is positive, strictly decreasing and satisfies 

lim <!>(£) = +oo and lim = (3B. 

So, in order to have $(M) < 1 for some M > it is necessary that j3B < 1. Thus, 

if A > and (3 < B~ L (11) 
we can take M > such that <3>(M) = 1, that is 

M in) ■ < 12 > 

Thus, if A and f3 satisfy ([11]) then w = (M/ H0IU0 where M is given by ([12]). 
Case 3: r — p < 0. It follows from ([7]) that $ is strictly decreasing and 

lim §(t) = +oo and lim $(t) = 0. 

Hence, for any positive parameters A and j3, there always exists M > such that 

$(M) = AAM 9 ~ P + /3BM r - p = 1 

and for such a M the function u = [Mj 11011^)0 is a super-solution of ffTBT) . 

Summarizing, we have proved that there exists a positive constant M satisfying (jH]) whenever 
the pair (A, (3) belongs to the set V defined by: 

( {A, > : X r -P(3 p - q <K} if r - p > 0, 
£>=i {A,/3 > : (3 < B^ 1 } if r-p = 0, (13) 

{ {A,/3 > 0} if r-p< 0, 

where if and B were determined by (TTDT) and ([8]), respectively. □ 

For each u G C 1 (r2) we define the continuous nonlinearity F u : Q x K. — > M. by 

F M (x, := Awi^ 1 + A (%, u(x)) - umixf- 1 ) + Pf(x,u(x), Vu(x)). (14) 

and observe that F u (x, u) = Xh(x, u) + (3f(x, u, Vii). 

Our main result of existence of solution for problem ([T]) is given by 

Theorem 3 Assume that h and f are continuous and satisfy (HI) and (H2). There exists a 
region T> in the \(3-plane such that if (A, /3) G T> the Dirichlet problem (H]j has at least one positive 
solution u satisfying, for some positive constants e and M: 

e Ul <u< {MJ H0IIJ0 and ((Vu^ < 1 M. 



5 



Proof. Let (A, 0) G T> where the region T> is defined by (|T3l) and take M > satisfying ([6]) from 
Lemma [2J Let us define the subset 

J- := \u G C^H) : euj < M < (M/ H0HJ0 and || Vm^ < 7M} C C^H) (15) 

where 

< e < min { (A/Ai)^ , (MA^)/ 



We divide this proof into five steps. 
Step 1. We prove that for each u G T there exists a positive solution U of the problem 

-A P U = F u (x,U) in Q 

U = 011 90 1 ' 

satisfying 

eui < « < (M/ 
In order to do this we firstly verify that the functions 

u:=tui and u := (M/ ||</ , || 00 )</' 

constitute an ordered pair of sub- and super-solutions of (TT61) . This fact implies, by applying a 
standard iteration process, that there exists a weak solution U of (TTB|) satisfying u<U <u. 
Since w satisfies 

-A p u = W (M/ in 

u = 0, on <9Q 



(17) 



u G J 7 and H^H^ = M, we obtain from (JS]) of Lemma [2] that 

F u (x,u) < XutTfl- 1 + A (w 2 - a^u 9 " 1 + /3w 3 M a |Vu| b 

< AwiM 9 " 1 + A (w 2 - wi) M^ 1 + l3u 3 M a -f b M b 

< u (AM 9-1 + /3 7 b M a+b ) 

< W (m/ iHLr 1 = -A p <7. 

Hence, the weak comparison principle gives that u is a super-solution of (TIB]) . 
Now, since m = on <9f2 and 

-A p u = Aia;iw p_1 < XtUt^u 9 ' 1 < Awiu^ 1 < F u {x,u) in ft, 

we obtain from the weak comparison principle again that u is a sub-solution for f TT6]) . This 
principle still produces the ordering w < u in f2, since 

-A p u < e^^i^i < e^Aiu; < (M*/ ||^||J H w = -A p «. 

Step 2. Now we complete the verification that £7 G J 7 by proving that |VZ7| < 7M. Indeed, it 
follows from fl3]) of Lemma [T] that 

IIWII^ 1 < /C^ 1 ||F»(ar,l7)|L 
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and from (HI), (H2) and © that 



0< F u (x,U) = Xco^- 1 + X(h(x,u) -oom^ 1 ) + Pf(x,u,Vu) 

< Xu^- 1 + X (u 2 - wi) u q ~ l + f3u 3 u a \Vu\ b 

< Xur\M4>/ II0IIJ*- 1 + MM<p/ U\\J a (jM) b 

< u(XM q ~ 1 + (3~f b M a+b ) 

< |k|| oo (M/||0||J^ 1 = ( T M//Cr 1 . 

Step 3. We prove the uniqueness of U. It is a consequence of a result proved in [9], but it also 
follows from Picone's inequality (see pQ) 



\Vu\ p > |Vv| p_2 Vt;-v(^), 



which is valid for all differentiable u > and v > 0. In fact, if U and V are both positive solutions 
of problem ffTB 7 ]) . we have 



f/p- 1 ' in 1 1 ' - ./<) U>- J / ' .A, r«- 

from what follows 



F u ( Xl U) F u (x,V) 

Up- 1 Vp- 1 
An analogous inequality is also true for V: 

'F u (x,U) F u (x,V) 

Up- 1 Vp- 1 



U p dx > 0. 



V p dx > 0, 



and so 

'F u {x,U) _ F u {x,V) 
Up- 1 Vp- 1 



(U p - V p )dx > 0. (18) 



Since q < p, it follows from ( I14p that -F"(x, £)/£ p 1 is decreasing with respect to £. Therefore, 
the last integrand is non-positive and so (JT8|) yields 



F n (o;, _ F u {x,V) 
Up- 1 Vp- 1 



(jp - v p ) = in 



from what we obtain U = V. 

Step 4. The regularity C/ G C 1,Q (fi) for some < a < 1 uniform with respect to u G T 
follows from the uniform boundedness of both U and \VU\ together with classical results (see 
[TUt IT2| IT3]). We emphasize that the bounds for U and |V£/| are determined by the positive 
constant M which, in its turn, is fixed according with the pair (A,/3) G T>. 

Step 5. In this last step we complete the proof. As consequence of the previous steps the 
operator 

T: T C C\Q) — > C 1 ^^) n Wo' p (ty C C\Q) 
u — y U 
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is well-defined, U being the unique positive solution of (|T6|) . Moreover, it follows clearly from the 
compactness of the immersion C 1,a (Q) ■=->■ that T is continuous and compact. Thus, since 

T leaves invariant the set J 7 defined by (j!5p and this set is bounded and convex we can apply 
Schauder's Fixed Point Theorem to obtain a fixed point u for T. Of course, such a fixed point u 
satisfies 
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